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In the Faddeev formulation of gravity, the metric is regarded as composite field, bilinear of d = 10 4-vector fields. A unique 
feature is that this formulation admits the discontinuous fields. On the discrete level, when spacetime is decomposed into the 
elementary 4-simplices, this means that the 4-simplices may not coincide on their common faces, that is, be independent. 

We apply this to the particular problem of quantization of the surface regarded as that composed of virtually independent 
elementary pieces {2-simplices). We find the area spectrum being proportional to the Barbero-Immirzi parameter 7 in the 
Faddeev gravity and described as a sum of spectra of separate areas. 

According to the known in the literature approach, we find that 7 exists ensuring Bekcnstein-Hawking relation for the 
statistical black hole entropy for arbitrary d, in particular, 7 = 0.39... for genuine d = 10. 
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1 Introduction 

Here we briefly describe Faddeev formulation of grav- 
ity [1]. Let the metric be composed of d = 10 4-vector 
fields, 



gxp, — fxfp.A- 



(1) 



The Greek indices A,/i, ... = 1, 2, 3, 4, Latin capitals 
A, B, . . . = 1, . . . , d. Simple example: locally, 4D Rie- 
mannian space can be considered as a hyper-surface in 
the lOD Euclidean space. If f^{x) were its coordinates, 
then we would have 



= df^/dx\ (2) 

But now fx{x) are a priori independent variables. 

Now, in addition to the Christoffel connection, we 
can write an alternative affine connection 



(3) 



The action is 

j CA^x = j g^^g^'''S>.^^,p^gd^x 

^ J^^''ifixf^,,-fi,.f^,x)V~9d'x. (6) 

Has = Sab — IaIxb is projector onto the directions 
orthogonal to the four 10-vectors (the "vertical" di- 
rections). Varying w. r. t. and projecting onto the 
vertical directions we find 



6%ATf,,] + b^xATC^,] + b^.A%^ = 0, 

hi^^n^^hs,,. (7) 



This gives 



(8) 



with torsion 



almost everywhere. Then Vl^^, — F^^^, and the action 
is the Einstein's one. 



Tx\^iu\ - ^x,^Lv " ^x,vf.L, T^^^^ - g'^Tpj^^,] (4) 
and curvature, whose final expression is simple 

cX — — ^ O-^ 0°^ — 0°" — TT"^^ 

■{fA,ufp.B,p - fA,pfiJ.B,i^): n^B = Sab - IaIxb- (5) 



2 The piecewise constant fields 

The action does not contain any of the squared deriva- 
tives ifx^)^ and therefore it is finite on the discontin- 
uous and g\^. Consider a piecewise flat (composed 
of the flat 4-simplices) manifold. It can approximate 
(in the sense of curvature averaged over regions) gen- 
eral smooth manifold. Allowing discontinuities of the 



1 



(induced on the 3D faces) metric g^/i means that the 
4-simphces may not coincide on their common faces, 
that is, b(^ independent. Also we can approximate gen- 
eral smooth manifold by independent hypercubes (were 
these hypercubes coinciding on their 3D faces, the met- 
ric would be strongly restricted). 

To evaluate the action for this system, we consider 
[2] the neighborhood of a triangle (Jq where the 4- 



simplices aj 

^4 n ^4 



and their 3D faces af = 
are meeting, and are 



independent in these 4-simplices 
IiiJCd^x = J(f^ 



/iA)n^''A/ffd4x the 
) is (X (5-function with support 



on ctq and the Eq. ^ is oc Heaviside ^-function 
in the neighborhood of ctq with discontinuities on erf , 
i = 1, . . . , n. The product of 6 and ^-functions is not 
well-defined. However, the action is unambiguous in 
the leading order over variation of from 4-simplex 
to 4-simplex. Vice versa, the action obtained correctly 
reproduces the continuum one in the continuum limit, 
when this variation of /jf tends to zero. 



J\A,LiJ ijlB,p 
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(12) 



Using vertical components of the Eqs. of motion we 
get the Einstein action. It is remarkable that param- 
eter 7, the analog of the Barbero-Immirzi parameter 
for the Cartan-Weyl form of the Einstein general rel- 
ativity, provides nonzero contribution to the Faddeev 
action (in contrast to the case of Einstein gravity). 

4 Discrete connection representation for the 
Faddeev action 

To get this representation, we take 1) discrete connec- 
tion representation for the Einstein action (that is, for 
Regge calculus), now with SO(IO) connection, -|- 2) dis- 
crete form of the local gauge violating condition (10). 
The 1) is the sum over triangles ct^. 



rfdiscr 



arcsm 



Vc^AB nAB 



2A(a2) 



(13) 



3 Connection representation of the Faddeev 
action 

Write down Cartan-Weyl action for SO(IO), 



s = j f^f^Rt^Vgd' 



aX^' + K^M-^P^A)-"^. (9) 



Excluding via Eqs. of motion yields the Einstein 
action [3] . Performing this operation with the following 
condition fulfilled, 



, ,AB r\ ffl 

'^v JaJe 



0, 



(10) 



jajb 

we get the Faddeev action. 

We can generalize the above connection represen- 
tation by adding the 1 /7-term to the action so that 



Here ^0-2^3 is (dual) bi- vector of the triangle a^, A{a'^ ) 
is the module of v^^ab (the area), R^i^{il) is holon- 
omy of the discrete connection, the product of SO(IO)- 
matrices ^'^F over tetrahedra sharing cr^. Exclud- 
ing SI via Eqs. of motion we get Einstein (Regge) action 
[2]. 

The form of 2) is straightforward. 



^a^ABV^^"" = 0. 



(14) 



Here cr^ is the face of the one of two 4-simplices 
containing a'^ and in which Uct^ab is defined. 

To summarize, the versions of the Faddeev formal- 
ism considered can be continuum or discrete. Besides 
that, these can include connection (be of the I order) 
or be purely in terms of the tetrad or edge vectors (be 
of the n order). We have the following correspondence 
between the versions of the Faddeev gravity, 



5: 



+ 



flf. 



fvAfpB 



(11) 



where ^'^x^l] Lagrange multipliers at the local gauge 
violating condition. Excluding oj-^^ via Eqs. of motion 
yields the generalized Faddeev action. 



ii) continuum 
I order 
t 

i) continuum 
n order 



iii) discrete 
I order 

i 

iv) discrete 
n order 



(15) 



Above we have constructed the discrete connection rep- 
resentation considering logical transitions i) — )■ ii) — >■ 
iii) from genuine Faddeev formulation i), and then we 
can exclude connections via Eqs. of motion, iii) — > iv). 
Then it turns out that we can reproduce the well- 
defined (leading over variation of from 4-simplex to 



2 



4-simplcx) part of the Faddeev action obtained by di- 
rect evaluation on the piecewise flat manifold, i) iv). 
That is, the diagram (15) is commutative. 

5 Discrete connection action on hypercubes 

As mentioned in Section 2, possibility of discontinu- 
ous metrics allows to operate with the hypercube min- 
isuperspace decomposition of spacetime instead of the 
more complex and inconvenient simplicial decomposi- 
tion. Summation over hypercubes is equivalent to sum- 
mation over vertices (sites). The action is 



^discr 



arcsm 



SttG 



EE 

sites A, /J- 



JaJb Jajb 



(fi) 



+ 



2^ 2^ 5 arcsm [ 



sites A,/i 
e^^-'PfuAfpB 



ifyB-fM 



EE^fn" 

sites A,)[x,i^ 



AB 
A 



(16) 



[4], Rxf^in) = Ot(TTfip(rTO;,)0^, A,M, . . . label co- 
ordinate (hypercube) directions, T\ is translation op- 
erator along the edge to the neighboring site. Now 
we assume Minkowsky metric signature (+, +, +, -) 
and Oa e SO(d-l,l). 

6 Continuous time limit 

The manifold is viewed as constructed of a set of 3D 
leaves of similar (here cubic) structure labeled by a pa- 
rameter t. The diffca'ence dt for the neighboring leaves 
is assumed infinitesimal, and different variables are as- 
sumed to have certain orders of magnitude in dt, 



f^ = 0{dt), Oo = l + O(di), 
To = 1 + dt^ + 0{{dtf). 



(17) 



In particular, we can find the kinetic term pq in the 
resulting Lagrangian [4], 

^'''"= It^^^ [\/-det||5A.||(/l/^ - fkfB) 



sites A 



+ -e 
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ffxAfi/l 



AB 



-h .... 



(18) 



7 Area quantization 

The quantization of the surface area was first discussed 
in the continuum general relativity theory, namely, us- 
ing Ashtckar variables as early as in the work [5] . There 
expression for the; operator of the surface area requires 
point splitting rcgularization, and in order to preserve 
gauge invariance, this expression should be modified 
by introducing the path ordered exponents of the con- 
nection field operator. Then evaluation of the area 
operator on certain set of states in the Hilbert space of 
states (loop states) gives a discrete set of values. 

The surface area operators in terms of the discrete 
Ashtekar type variables were considered in Ref. [6]. 

Now in the discrete framework, we simply need to 
quantize elementary area, or the area of the 2-simplex 
(triangle). Area bivectors arc canonically conjugate to 
the orthogonal connection matrices. This fact leads 
to quantization of the elementary area in qualitative 
analogy with the quantization of angular momentum 
that is canonically conjugate to an orthogonal matrix 
of rotation in three-dimensional space. Now we are 
faced with the (d— 2)-dimensional angular momentum 
whose spectrum is well-known (see, e.g., Ref. [7]). We 
find that the elementary area spectrum is proportional 
to the Barbero-Immirzi parameter 7 in the Faddeev 
gravity [4], 



with multiplicity 



a{j) = lVjU+d-4), ll = G, 

(19) 



9{j) = 



(j + d-5)!(2j+d-4) 
j\{d-A)\ 



(20) 



8 Requirements from black hole physics 



The spectrum of horizon area in the loop quantum 
gravity (different from the spectrum of the generic sur- 
face area in that theory) was first used to calculate 
the black hole entropy in Ref [8]. The requirement 
that it be {Alp)~^Abh where A^^ is the horizon area 
(Bekenstein-Hawking relation) means an Eq. for 7. In 
order to take into account the so-called holographic 
bound principle for the entropy of any spherical non- 
rotating system including black hole [9, 10, 11], in Refs 
[12, 13, 14, 15] the formula for the spectrum of the 
horizon area was chosen to coincide with the general 
formula for the spectrum of the surface area, and cor- 
responding value of 7 found. 

Now the elementary area spectrum obtained can 
be used to evaluate statistical black hole entropy [14]. 
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This gives Eq. for 7 for the different d's, 

^50>-2-'^<^) = l. (21) 
j 

Calculation for, e. g., genuine d=10 gives 

7 = 0.393487933.... (22) 

If one considers global embedding into external space, 
it may require as much as = 230 dimensions [16] and 
then 

7 = 0.359772297.... (23) 
The dependence on d is rather weak. 

9 Conclusion 

Faddccv formulation allows for discontinuous metrics. 
Thus, spacetime can be virtually composed of indepen- 
dent microblocks. 

It can be recast to the connection representation 
both in the continuum and discrete (piecewise flat min- 
isuperspace) case. 

Physically reasonable area spectrum is possible 
which is consistent with black hole physics. 
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